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ASYMPTOTICALLY INVARIANT SEQUENCES 
AND AN ACTION OF SL(2, Z) ON THE 2-SPHERE 

BY 

K L A U S  S C H M I D T  

ABSTRACT 

Let G be a countable group which acts non-singularly and ergodically on a 
Lebesgue space (X, 5",/z). A sequence (B, )  in 5r is called asymptotically 
invariant in l im. IX (B. ~gB. ) = 0 for every g ~ G. In this paper we show that the 
existence of such sequences can be characterized by certain simple assumptions  
on the cohomology of the  action of G on X. As  an explicit example we prove 
that a natural action of SL(2, Z )  on the 2-sphere has  no asymptotically invariant 
sequences.  The  last section deals with a particular cocycle for this action which 
has an interpretation as a random walk on the integers with " t ime"  in SL(2, Z) .  

I. Introduction 

Let G be a countable group which acts nonsingularly and ergodically on a 

standard nonatomic probability space (X, 5r Ix). Ergodicity means, of course, 

that there exist no nontrivial G-invariant Borel sets in X. For some group 

actions, however, there exist Borel sets which are "almost"  G-invariant. More 

specifically, one can find sequences (B , )C  ~ such that lim.tx(B.AgB,)= 0 for 

every g E G and (to exclude the obvious examples) such that 

lim, i n f ~ ( B , ) . ( 1 - ~ ( B , ) ) > 0 .  Such sequences are called asymptotically in- 
variant (a.i.), and their existence seems to be connected with a very weak form 

of Rokhlin's theorem. Hyperfinite group actions have therefore an abundance of 

a.i. sequences, a fact that has been exploited in [1]. At the other end of the 

spectrum one can find groups which have no such sequences, and which are 

therefore in particular not hyperfinite, since the collection of a.i. sequences is 

easily seen to be an invariant under weak equivalence. In Section 2 we give a 

cohomological characterization of group actions without a.i. sequences: they are 

precisely those group actions for which the coboundaries form a closed subgroup 

in the group of 1-cocycles (the precise definitions are given later in this section). 
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This not only implies that the corresponding first cohomology group is "nice" in 

the sense that it is a polish group in its natural quotient topology, but it also 

removes many problems usually present when dealing with cocyles with non- 

compact range (or, equivalently, with noncompact skew product extensions). We 

refer to Proposition 2.7 and Corollary 2.8 for the details. 

In Section 3 we prove that a natural action of SL(2, Z )  on the 2-sphere (or on 

the 2-torus) has no a.i. sequences, and therefore enjoys all the properties 

discussed in Section 2. Since it is not known whether a countable group G, which 

acts nonsingularly and ergodically on a standard measure space, must have a 

nontrivial first cohomology, we prove the existence of a nontrivial 1-cocycle for 

SL(2,Z)  on S 2 in Section 4. This cocycle has a simple interpretation as a 

(deterministic) random walk on the integers, indexed by SL(2, Z )  on S: as 

"t ime".  In fact, we prove that the corresponding skew product action of 

SL(2, Z )  on $2• Z is ergodic. 

In this context it is interesting to note that the existence of a.i. sequences for 

an action of a countable group G automatically forces the first cohomology of 

this action to be nontrivial. Another important observation follows from 

Proposition 2.7: If G has no a.i. sequences, its asymptotic ratio set (=  Krieger 

invariant) can only take the values R, {A" : n E Z} and {0}, so that G cannot be 

of type II (cf. Remark 2.9). 

We now turn to the notation and definitions used in this note. T will denote 
the circle group, R the reals, Z the integers. If (X, b ~ is a standard nonatomic 

probability space, and if A is a locally compact second countable abelian group, 

we write U(X, A) for the group of Borel maps from X to A under pointwise 

addition and under the topology of convergence in measure. If G is a countable 

group which acts nonsingularly and ergodically on (X, ~, tz ), U(X, A ) becomes a 

G-module in the obvious way, and we can define the first cohomolgy 

HI(G, U(X, A)) = Z1(G, U(X, A))/B I(G, U(X, A)) as in [3], [7] or [8]. 

ZI(G, U(X,A)) consists of all Borel maps a : G  x X ~ A  with 

(1.1) a(gl, g2x)-a(g~g2, x)+ a(g2, x)=O /z-a.e. (x) 

for every g~, g2 in G, and B~(G, U(X,A)) is the subgroup of functions 

a : G x X ~ A  of the form 

(1.2) a(g, x) = [(gx ) - f(x ), 

where [:X--.*A is a Borel map. In its natural topology Z'(G, U(X,A)) is a 

polish group (cf. [3], [8]). In order to avoid the necessity of restricting ourselves 

to free actions, we shall occasionally consider a closed subgroup Z~(G, U(X, A )) 
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of ZI(G, U(X,A)) which is defined as the group of all Borel maps a : G  x 
X ~ A which satisfy (1.1), and for which 

(1.3) /z ({x : a(g, x) ~ O) O {x : gx = x}) = 0 

for every g E G. It is clear that, for a free action of G, ZI(G, U(X,A))= 
Z~(G, U(X, A )). We furthermore define Hi(G, U(X, A )) as 

Z~o( G, U(X, A ))/B I(G, U(X, A )). To avoid trivialities we shall assume through- 
out this paper that A has at least two elements. 

Since we shall have to refer to it frequently, we shall give an explicit definition 

of the essential (or asymptotic) range ff,(a) of a cocycle a : G  x X ~ A (cf. [8, 

definition 3.1]). Let fi, denote the one-point-compactification of A if A is 

noncompact, and put fi, = A otherwise. An element a E ft, is said to be in /~(a)  

if, for every neighbourhood N(a) of a in A, and for every Borel set B C X with 

~(B)>O, 

(1.4) / x ( U  ( B O g - ' B N { x ' a ( g , x ) ~ N ( a ) } ) ) > O .  
g E G  

We put E(a)= A N E(a) and recall that E(a) is a closed subgroup of A. 

Furthermore we have /~ (a )  = {0} if and only if a is a coboundary. The symbol 

r*(a) is perhaps more widely used to denote the asymptotic range of a cocycle a, 

but I shall conform with the notation in [8], since we frequently have to refer to 
techniques presented there. 

2. Asymptotically invariant sequences and cohomology 

Let G be a countable group, (X, 9 ~ a standard nonatomic probability 

space, and let (g,x)--*gx be a nonsingular ergodic action of G on (X, 9 ~ ~). 

Motivated by [1], we call a sequence (B, )C ,90 asymptotically invariant if 

(2.1) lim t z ( B . A g B . )  = 0 
n 

for every g E G. An asymptotically invariant sequence is called trivial if 

lira, (~ (B,) .  (1 - p~ (B,)) = 0, and nontrivial otherwise. For the rest of this paper, 

we shall abbreviate nontrivial asymptotically invariant as n.a.i. The following 

assertion is obvious. 

PROPOSITION 2.1. The existence of n.a.i, sequences is an invariant under weak 
equivalence. 
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PROPOSmON 2.2. Suppose that the action of G on (X, 5e, Ix) is hyper]inite. 
Then there exists a n.a.i, sequence (B,) C 

PROOF. Using Proposition 2.1 we assume that G = Z ,  and we write 

(n, x)---> V"x for the action of Z on (X, 5e, Ix), where V is a nonsingular ergodic 

automorphism. By Rokhlin's theorem there exists, for every e > 0, a positive 

integer n and a set A , ~ o w  with V~A, A W A , = O  for 0 = < k < l = < n - 1 ,  
n - 1  

Ix(Uk=o VkA, )>  1 - e, and with maxo=k~_._~ix(VkA,)< e. Put m, = min{m => 

0: IX (Uk=o vka~)  > ' = '- = " = ~}, and let B~ UkZo VkA. Setting now ek 1/k and Ck = 

B~, we get 

and 

1 <  1 1 

2 IX ( Ck A VCk ) < -s 

for every k _-> 1. Hence (6".) is n.a.i., and the proposition is proved. 

We now turn to the main concern of this section, the link between n.a.i. 

sequences and cohomology. Our next proposition investigates this connection in 

a special case. 

PROPOSrnON 2.3. The following two conditions are equivalent. 
(1) There exist no n.a.i, sequences for G on (X, 5e, Ix), 
(2) B1(G, U(X, T)) is a closed subgroup of Z'(G, U(X, T)). 

PROOF. We shall first assume that (1) is satisfied, but not (2). Then there 

exists a cocycle a : G x X---> T, which is not a coboundary, and a sequence (/ ,)  of 

Borel maps from X to T such that, for every g E G, l im. f , .g / f .  = a(g,.) in 

measure. We fix e > 0  and choose points 1 = c,,c2,...,cp in T such that 

[ c , - c p l < e  a n d l c , - c , + ~ [ < e  f o r i = l , . . . , p - l .  Put 

A ~'.. = {x: I f , , (x ) / f . (x ) -  cl I< e}, 

t A ~i) = for l<=m<n,  l<i<=p. For every fixed i, the sets ~ , , . , : l < m < n }  are 

asymptotically invariant as m tends to infinity. By condition (1) we have 

lim IX(A ('~ ~ (1 - IX(A ~'~ ~ =  0. m , n j  �9 r e , n i l  
ra < n  

On the other hand we know that, for every fixed pair of integers m < n ,  

I,..J~=, At2~ = X. Hence there exists, for every pair m < n, an integer i(m, n) such 
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that l<=i(m,n)<=p, and lim,,<,~m~| 1 . .  We have now proved the 

following: 

For every e > 0  there exists a set of points {c .... 1-<m < n } C  T such that 

l im/z{x :l f ro(x) -  c . . . .  [ , ( x ) l <  e}=  1. 

From this we conclude immediately the existence of a sequence (c.) in T for 

which (cn.[,) converges in U(X, T) to a function f, say. Hence we get 

a (g, x) = lim [, (gx)/[n (x) = [(gx)/f(x) 

for every g E G, and for a.e. x, which is absurd. This contradiction shows that (1) 

implies (2). 

To complete the proof we now assume that (2) is satisfied, but not (1). Let 

(I(X, T)= U(X, T)/T, where T is identified with the set of constant T-valued 

functions on X. U(X, T) is a polish group in the quotient topology. For every 

f E  U(X, T), denote by dfEZI(G,  U(X, T)) the coboundary d[(g,x)= 
[(gx ) -  [(x ). The map d : U(X, T ) ~  ZI(G, U(X, T))is continuous, and defines 

a continuous injective group homomorphism d: U(X, T)-~ Z~(G, U(X, T)) in 

the obvious manner. By assumption, the range of d is closed, so that d is, in fact, 

a homeomorphism onto its image. Let now (Bn) be a n.a.i, sequence in 6~, and 

put .f~ = e~ xsn, where X~ is the indicator function of Bn. If f, denotes the image 

of [, in U(X, T) under the quotient map, the condition of nontriviality for the 

asymptotically invariant sequence (Bn) means precisely that 0r,) does not 
converge to the identity in U(X, T). On the other hand we get limnd/, = 1 from 

asymptotic invariance. This shows that d cannot be a homeomorphism, contrary 

to our earlier assertion. Again we have arrived at a contradiction and conclude 

that (2) implies (1). The proof is complete. 

THEOREM 2.4. Let A be a locally compact second countable abelian group, G 
a countable group, (X, 6f, tz) a standard nonatomic probability space, and 
(g , x )~  gx a nonsingular ergodic action o[ G on (X, 5e, I~). The following 
conditions are equivalent. 

(1) There exist no n.a.i, sequences [or G on (X, 6e, I~ ), 
(2) B ~(G, U(X, A )) is a closed subgroup of Z1(G, U(X, A )). 

PROOF. We apply Proposition 2.3 to show that (1) and (2) are equivalent if 

A = T. For every character X ~ fi,, the map thx (a) = X. a from ZI(G, U(X,A))  
to ZI(G, U(X, T)) is continuous, and it follows from [7, theorem 4.3] that 
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BI(G, U ( X , A ) ) =  ("lx~,~b;,l(Bl(G, U(X, T))). (1) implies that the set on the 

right hand side is closed as an intersection of closed sets, so that (1) implies (2). 

The converse is proved exactly as in Proposition 2.3. 

For every cocycle a ~ Z~(G, U(X, A )), the set 

B~ = {X E A :x.  a E B I(G, U(X, T))} 

is a Borel subgroup of fi,, and there are some quite subtle restrictions on the kind 

of Borel subgroups that can occur (cf. [7, theorem 4.3] and [6]). In the absence of 

n.a.i, sequences, the situation is much simpler. 

COROLLARY 2.5. Suppose G has no n.a.i, sequences on (X, 9 p, tz ). Then the set 

B~ = {x E fi, : x. a ~ B ~(G, U(X, T))} is a closed subgroup of fi,, for every 
a E Z I(G, U(X, T)). 

COROLLARY 2.6. Suppose G has no n.a.i, sequences on (X, 6e,/z). If  a E 

Z I( G, U(X, R))  has the property that B, is uncountable, then a is a coboundary. 

Another consequences of the nonexistence of n.a.i, sequences can be stated in 

terms of the asymptotic range which a cocycle a E Z~(G, U(X, A))  can have. 

TI-tEO~EM 2.7. Suppose G has no n.a.i, sequences on (X, S~,/2. ), and let A be a 

locally compact second countable abelian group. Then there exist no cocycles 

a E Z ~(G, U(X, A )) with/~(a) = {0, 00}. In other words,/f E (a) = {0}, then a is a 

coboundary. 

PROOf. Suppose there exists a (necessarily noncompact) A and a cocycle 

a : G x X ~ A wi th/~(a)  = {0, oo}. From the condition E(a)  = {0} one concludes 

easily that a lies in fact in Z~(G, U(X, A)).  The structure theorem for such 

cocycles (cf. [8, theorem 7.22]) shows that there exists a standard nonatomic 

probability space (Y, 3-, v), a countable ergodic group of nonsingular au- 

tomorphisms F of (Y, 3-, v), a surjective Borel map ff : X ~  Y, and a transient 

cocycle a * E  ZoO(F, U ( Y , A  )) such that 

(2.2) /z~b -~= v, 

(2.3) ~b(Gx) = F#(x )  for/z-a.e ,  x, 

(2.4) a(g ,x )=  a * ( y , y )  whenever qJ(x)= y and ~, (gx ) = vy.  

Since F has a transient cocycle in Z~(F, U(Y ,A) ) ,  the action of F on (Y, 3-, v) is 

hyperfinite (cf. [4, corollary 7.11]). Hence there exists a n.a.i, sequence ( B ' ) C  3- 

(cf. Proposition 2.2). Put Bn = ~b-~(B'), for every n => 1. Then it is easy to see that 
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(B,) is n.ai .  for G on (X, 6P,/z), by (2.2) and (2.3). This contradiction to our 

assumption shows that there exists no cocycle a wi th /~(a)  = {0, oo}. The second 

assertion, that a is a coboundary whenever E(a)  = {0}, now follows from the fact 

that a is a coboundary if and only i f /~ (a )  = {0}. The theorem is proved. 

COROLLARY 2.8. Suppose G has no n.a.i, sequences on (X, 6f, /z ). Let A be a 

locally compact second countable abelian group, and let a ~ Z ' (G,  U(X, A )). 
Then we have 

(2.5) E ( a )  = 

where B. is given in Corollary 2.5 and B~= = {a E A : X(a) = 1 for every X E B,} 
is the annihilator of B,. Furthermore, E(a)  is the closure of E(a)  in fi~. 

PROOF. Let a* : G x X ~ A / E ( a )  be the cocycle a*(g,x)= a(g,x)+ E(a).  

As in lemma 3.10 in [8] we conclude that E(a*) = {0}, and Theorem 2.7 now 

implies that a* is a coboundary. Using [8, proposition 3.12] we can find a 

coboundary b : G x X ~ A such that a(g, x) + b(g, x) ~ E(a)  for every g, x, and 

conclude that B, ~ E(a)  ~, i.e. that E(a)  D B]. 
Conversely, if a E E(a),  it is obvious from the definition of E(a) that 

X(a) = I for every X E B,. Hence E ( a ) C  B] ,  and the proof is complete. 

REMARK 2.9. Theorem 2.7 shows that no action of a countable group G on 

(X, St,/z ), which has no n.a.i, sequences, can be of type III (all we are saying is 

that the Radon Nikodym derivative 

p (g, x) = log d ~  (x) 
d/z 

cannot satisfy/~(p) = {0, o0}). Another interesting point about n.a.i, sequences is 

the following: From Theorem 2.4 we know that B 1(G, U(X, A))  is closed (i.e. a 

polish group in its own right) if and only if G has no n.a.i, sequences on 

(X, 9~ Since Z~(G, U(X ,A) )  is a polish group, we can conclude that 

HI(G, U(X,A))~{O} whenever G admits n.a.i, sequences. In general the 

problem of nontriviality of Hi(G, U(X, A)) is still open, as far as I know. 

The problem of deciding whether a particular measure preserving action of a 

countable group G on (X, ,Se,/.t) has n.a.i, sequences can sometimes be reduced 

to investigating a certain property of the unitary representation g --* Us defined 

by 

(2.6) Uff(x) = f(g-~x) 
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for every g E G, f E L 2(X, fie, tz ). The following proposition is obvious. 

PROPOSITION 2.10. Suppose the action of G on (X, fie, tz ) is ergodic and 

measure preserving. Let g --* V~ denote the restriction of the unitary representation 

(2.6) to the orthocomplement of the constant functions in L2(X, fie, tz ). I f  the 

representation g --~ V~ does not contain the identity representation weakly, the G 

has no n.a.i, sequences. 

REMARK 2.11. The nonexistence of n.a.i, sequences for a general non- 

singular ergodic action of a countable group G on (X, fie, tz) implies that his 

action is - -  in a certain sense - -  far removed from hyperfiniteness. In fact, G 

cannot be weakly equivalent to any ergodic action of a cartesian product G1 • G2 

on a product probability space (X, x X2, fie1 x fie~,/x~ x tz2), where the action of 

G, x G2 is of the form (g~,g2).(xl, x~) = (g,x~,g2x2), g, E G,, x, E X~, i = 1,2, and 

where G~ acts hyperfinitely on (X,, fie~,/~). The latter action would admit n.a.i. 

sequences, and Proposition 2.1 would imply that G must also have such 

sequences, contrary to our assumption. 

3. An action of PSL(2, Z) on the 2-sphere 

Let SL(2,Z)  denote the group of 2•  2 matrices with integral entries and 

determinant 1, and let 

0,)/ 
be its centre. G = PSL(2, Z )  is defined as SL(2, Z ) / ~  and we write 

(: [a 
for the quotient map. 1 will stand for the identity element in G. G is the free 

product of Z2 and Z3, where 

[~ I] Z2={1,  h,}, Z2={1, h~,h~,}, h ,= , and h~-- . 

Let now, for every (p, q ) E  Z 2, 

[P, q I = { - (P, q)}, 

and put Z ~ = { [ p , q ] : ( p , q ) E Z 2 } .  G acts on Z~ by 

[a  ]Ipql--Ia + ,cP+ ql 
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(3.1) 
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D~ = {[p, q] ~ Z .  2 : p and q are relatively prime} t9 {[1,0], [0, 1]}, 

(3.2) Dn = {[rip, nq]:  [p, q] E D~}, 

for every n => 0. The following assertion is elementary.  

LEMMA 3.I. The orbits o f  G in Z z are precisely the sets D~, n >- O. 

We now fix n => 1 and consider the action of G on /9,. Put 

S o ( n )  = {[n, 0], [0, n]} (3.3) 

and 

(3.4) S,(n) = {[ . ,  n]}. 

Suppose we have defined Sk (n) C / 9 ,  for k = 0 , . . . ,  2m + 1, where m => 0. Put 

$2,,,+2(n) = h~ . Szm§ ) (3.5) 

and 

(3.6) 

201 

h 2T $2,,§ = h2 r .  $2,.§ O ( 2 )  �9 S2m+2(n), 

where M T denotes the transpose of a matrix M. This inductive process yields a 

sequence (Sk (n) : k => 0) of subsets of D ,  with some useful properties. 

LEMMA 3.2. I - Jk~0Sk(n)=D. ,  and S k ( n ) C I S a ( n ) = O  whenever  k ~ l .  

Furthermore, card ($2" +l(n)) = card (Szm § = 2" for every m >= O. 

This is proved by an elementary,  if slightly tedious, calculation. 

We now turn to the action of G on S 2, the 2-sphere. Let  T 2 = {(z~, z2) : z, ~ C, 

Iz~l = 1, i = 1,2} denote  the 2-torus, and let 3 be the Borel field and v the 

normalized Lebesgue measure on T 2. Let  s : T2---> T 2 be given by s(z~, z2) = 

(21,22), and put ~ s  = {B E ~ : s B  = B}. For  every (z~,z2)E T 2, let [z,,z2] = 

{(z~, z2), (21, 22)}, put X = {[z~, z2] : (zl, z2) ~ T2}, and furnish X with the quotient  

topology, tb : T 2--'> X will denote  the quotient  map tb(zl, z2) = [z~, z2]. As is well 

known and easily verified, X is homeomorphic  to the 2-sphere S 2. In fact, we can 

choose an identification of X with S z which sends [i, i] to the south pole, [i, - i] 

to the north pole, and E = {[z, ---1]:z E T} t_J {[_ 1,z]  : z E T} to the equator.  

C~ = {[e 2~'~, e 2~'] : 0 < s, t < I} is thus mapped  to the southern hemisphere,  and 

6". = {[e 2"~, e 2"'] : 0 < s < ~ < t < 1} to the northern hemisphere of S 2. Since we 
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can choose this identification to be smooth everywhere on the complement of E, 

v can be made to correspond to an absolutely continuous measure on S 2. For the 

rest of this paper we choose and fix such an identification and speak of X itself as 

the 2-sphere. The symbols C,, Cs and E will always be interpreted as in this 

discussion, be will denote the Borel field of X and # = t,4,-1. The obvious action 

(3.7) (z~, z2) = t ,z2, z lz2) 

of SL(2, Z )  on T 2 yields an action of G on X = S 2 given by 

which is again measure preserving and ergodic. For every [p, q] ~ Z,~, define 

fip, ql E L 2(X, be, # ) by 

(3.9) ftp, qj([z~, z2]) = I 
1 

t 2~. Re (z fz 2 q) 

and observe 

if [p, q ] = [0, 0], 

otherwise, 

that {f lp.qj:[p,q]EZ~,} is a complete orthonormal basis of 

(3.10) UJtp.ql = fg~.tp, qJ 

for every g ~ G, [p, q] E Z~ ,  where gT is the transpose of g. 

PaoeosrnoN 3.3. Let  g---> Vg denote the restriction of  the representation 

g --~ U s in (3.10) to the orthocomplement o[ the constant functions in L2(X,  be, ~ ). 

Then g ---> V s does not contain the identity weakly. 

For the proof of Proposition 3.3 we need a simple lemma. 

LEMMA 3.4. For every N ~ 1, and [or all complex numbers 

al, �9 �9 ", aN, bl, �9 �9 ", bN, we have 

I: N 2/ 
(3.11) l a , - b ,  >-_N. la, I - Ib, 12/N . 

i = 1  

PROOF. (3.11) can be rewritten as 

l a , - b ,  12>= la, I z 1/2_ Ib, I: 1,2 , 

L2(X,  b ~ Ix). If g --~ U s is the representation of G on L2(X,  ~, ~z ) given by (2.6), 

we have 
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and this in turn follows from 

203 

,~ l a , - b , [  2 -  i = l l a i l  2 - Ib,] 2 

((/~__N l )1/2 (~  )1/2 (~  )) 
= 2  la, I 2 . Ib, I 2 - R e  a,~ =>0, i=l i=1 

by Schwarz's inequality. 
To prove Proposition 3.3 it will be enough to show that there exists a constant 

Co > 0 with the following property: For every f ~ L2(X, b ~, tx ) with U~f  = f and 

with ffdt~ = 0, we have 

(3.12) II U h J  - fll = ~ Co. [[fll =, 

where I1.11 denotes the norm in L2(X, 2C, lx). We therefore fix f E L  2 with 

f I'd# = 0 and with Uh2f = [, and write 

f= E c,.J,.q, 
[p,q]~-Z. 

[o, ql~[O,ol 

for its expansion in the basis (3.9). From Lemma 3.2 and Lemma 3.4 we get 

= r 2 
IIU,,l.f-/ll z E Ict, , .qj-h, tp, qll 

[p, ql~[O,Ol 

C 2 (3.13) = 2 E E E Ict~,,ql- hl.tp,qJl 
n>_l m ~ O  [p,q]ES2m+l(n ) 

where 

and 

_->2 ~ E 2"-(d",-- e,-,-) 2, n~l m~0 

( E d,,,n = 2-" I ctp.ql 12 
[p, q l •S2m+l(n)  

\ 1/2 

, C 2 e , , . =  X 2-"[  tp, q,I)  �9 
[p,q l ~  S2m +2(n) 

Our assumption U , J  = f now implies that, for every m ~ 0, d,,+l.. = e .... 

Continuing (3.13), we get 
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2 Z E 2".(d-,.,,- e,-..) 2= Z ~ 2"+'.(din,--d-+1,-) 2 
n~l m~O n~J m=>O 

(3.14) -->E 2 d,. , .+ ~ Z 2"+1d~,. 
n ~ l  0 m ~ l  

from Schwarz's inequality. The right hand side of (3.14) is equal to 

(3.15) 

(m~_> X 1/2\2 
( ( V  2m+ld 2 ,~,/2 2 -~/2 9"+','/2 | / 

n>=~ ~ , n > = o  / 1 - - - ,n , 'n]  ] 

-> (1 - 2-'/2) 2 Z Z 2"+'d~.- �9 
n~l ra=>O 

Turning now to [If]l 2, we have 

C 2 Jltll 2= Z I ,,qJl 
[p, ql~[O,O] 

(3.16) 

= Z Z Z Ic,..,I 
t l ~ l  k ~O [p, q l E S k ( n )  

rt~'l  ra~O [p,q]ESZm+l(n ) [p,q]ES2m+2(n ) 

= .~,~ ( Iq~~ Iq~ ,.~o ~ 2"(d~ . .+  e~. . )) .  

Observing now that U,d t = / implies ct,.o I = Cto,, I = ct,~, l = do.,, we can continue 
(3.16) with 

m-1 2 ) .,~ ~ , IIfll 2 = ~  3do2,- + 3 E 2  d . . . .  3 ~ 2  d , , , .  " 2 
n ~ l  m ~ l  m ~ O  

Combining this with (3.13)-(3.15), we get 

1. (21/2 - IIUh,f-fl]2>=~ 1)2. ]]fll 2 , 

which proves (3.12). Proposition 3.3 is proved completely. 
Proposition 2.10 now yields 

THEOREM 3.5. The action (3.8) of PSL (2, Z) on the 2-sphere (X, 6e, I~ ) has no 
n.a.i, sequences. 
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COROLLARY 3.6. The action (3.7) of SL(2, Z) on the 2-torus (T 2, ~, v) has no 
n.a.i, sequences. 

PROOF. If SL(2, Z )  has a n.a.i, sequence (B , )C J- we have in particular 

, o0 
Hence (C,), with 

(_, 0) 
C. = B. U 0 - .B,, 

will again be n.a.i. But (C,) lies in E',  and is thus mapped to a n.a.i, sequence for 
PSL(2, Z )  on (X, 5e,/z). This contradiction proves the corollary. 

4. A deterministic random walk on Z arising from the action of PSL(2, Z) on 

the 2-sphere 

From Theorem 3.5 and from the results of Section 2 it is clear that the 

cohomology of G = P S L ( 2 ,  Z )  on the 2-sphere (X, Se,/z) must have some 

remarkable properties, provided that it is nonzero. In the following we shall 

define a cocycle a E Z~(G, U(X, Z)) with E(a) = Z. From the existence of such 

a cocycle it is easy to conclude that H1(G,U(X,A))JO for every locally 

compact second countable abelian group A. Since G is the free group generated 

by h~ and hz, every cocycle a is uniquely determined by the two functions 

a(h,  .)and a(h2,. ). Moreover, we can change a by a coboundary to achieve 

a ( h 2 , . ) = 0 .  Conversely, if f is any Borel map on X with 

(4.1) f. h1= - f ,  

there exists a unique cocycle a for G with 

(4.2) 

and 

(4.3) 

a(h , , . )= f  

a(h2,.)= O. 

We now reaffirm our choice A = Z and define f : X ~ Z by 

1 onC., 
(4.4) f ( x ) =  0 o n E ,  

- 1  onC, .  
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For the definition of C~, E and C, we refer to the discussion following Lemma 

3.2. For the rest of this section, we fix aoE Z~(G, U ( X , Z ) )  to be the cocycle 

satisfying (4.2) and (4.3) with f given by (4.4). 

The connection between cocycles and random walks is well known, and ao has 

a particularly nice interpretation as a (deterministic) random walk on Z with 

" t ime" G. Let g E G, g / e ,  be a fixed element, g is of the form 

(4.5) t, ~ l."~ ~, n~_,. . .  h~, .h~,  g = , , 1 . , , 2  . , , l . h z  hi .  " . h i .  2 

where a, /3 E {0, 1}, n, E {1, 2}, and k _--- O. (4.5) is unique if we insist that/3 = 0 

whenever k = 0. The value ao(g,x) is obtained as follows (for the sake of 

simplicity we restrict ourselves to the case where a =/3 = 1): 

ao(g,x) = f ( x ) +  f ( h ~ ' h , x ) + . . .  + f(h~kh~ . . .  h~'hlX). 

Put Xo= X, x~= h~l,h~x,. . . ,xk = h2n'ht . . . h~x .  ao(g,x) is then the number of 

these points in the northern hemisphere minus the number in the southern 

hemisphere. Alternatively we can describe a0(g, x) as the position reached after 

k steps of a random walk starting at zero, where the i-th step is -+ 1, depending 

on whether x~ lies in the northern or the southern half of the space. If we vary the 

starting point of this random walk, we are led to the skew product action of G on 

X x Z  given by 

(4.6) T~ (x, m ) = (gx, m + ao(g, x)).  

Our next result implies in particular that this action is ergodic (cf. [8, corollary 

5.4]. 

PROPOSITION 4.1. E(ao) = Z. 

PROOV. For every g ~ G, we obtain a cocycle a , : Z  •  for the 

Z-action (n ,x ) - -og"x  on (X, Se,~). It is clear that, for every g ~ G, E ( a , ) C  

E(ao), and it will thus be enough to find a go~ G with E(a,o)= Z. We put 

[1 01] go= hzhl = - 1 

and get a~o(1, x )  = a(go, x )  = f ( x ) .  Recalling the notation in the discussion 

following Lemma 3.2 we use the map 4~ : T 2 - ~  to pull back go and a~o to T2: 
Put, for every (z~, zz)@ T 2, 

( 
V(Zl, z2) = \ _  1 
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and r l ( z ,  z2)=f ([z~ , z2] ) .  Then  ~bV = gosh, and r/ = fo~b. Let  c : Z  x T 2 - - * Z  be 

the cocycle for  the Z -ac t i on  ( n , ( z ,  z2))= V " ( z , , z ~ )  on T 2 given by 

c(1, (z,, z2)) = "0 (z,, z~). Since we obviously have  E ( c )  C E(a~,), it will be  enough  

to p rove  that  E ( c )  = Z. We  write T 2 addit ively as { ( s , t ) : 0 < s ,  t < 1} with 

addit ion (mod 1). V is then represen ted  as V(s,  t)  = (s, t - s )  (mod 1), and  

{ 2X(0.,2~(t ) -  1 for  0 < s < 1/2, 

r l ( s , t ) =  1-2X~o,~/~(t) for  1 / 2 < s < l ,  

0 otherwise.  

On the V- invar ian t  set Ts = {(s, t ) :O =< t < 1}, V 'ac t s  as t ranslat ion by - s, which 

we shall deno te  by R~. Put  q ( n , t ) = c ( n , ( s , t ) )  and recall that ,  for  every 

i rrat ional  s ~ [0, 1), the cocycle q : Z x T, ---* Z for  the ergodic  a u t o m o r p h i s m  R~ 

of T~ satisfies E ( q )  = Z (cf. [2], or  [8, t heo rem 12.8]). R e m e m b e r i n g  now the 

definition of E ( q )  we get, for  a.e. s E [0, 1) and for  every Bore l  set B C [0, 1) of 

posit ive Lebesgue  measu re  h, 

h( U (BnR:"Bn{t:q(n,t)=l}))>O. 
n ~ Z  

O n e  concludes easily that,  for  every  Borel  set B C T 2 with v ( B ) > 0 ,  

v (  U (B  n V - ' B  n { ( s , t ) : c . ( s , t ) ) =  1 } ) ) > 0 ,  
n E Z  

i.e. that  1 E E ( c ) .  Since E ( c )  is a subgroup  of Z, we get E ( c )  = E(ao)  = Z,  and 

the proposi t ion  is proved.  
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